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It is widely believed that Rasba spin splitting occurs only in systems lacking space inversion
invariance. In this letter we present analytical analysis which suggests that non-zero Rashba spin
splitting occurs in systems possessing space inversion invariance. We present numerical simulations
which confirm that non-zero Rashba spin splitting occurs in symmetric structures but this splitting
is several orders of magnitude smaller than the Rashba spin splitting due to broken space inversion
invariance.
PACS numbers: 73.21.Fg
INTRODUCTION
The effective Rashba model[1] for spin-orbit coupling
in conduction subbands of 2DEG systems has been long
employed for interpretation of experimental results. It
is usually stated[2, 3] that this Hamiltonian appears
in systems lacking mesoscopic space inversion invari-
ance. However the effective Rashba spin-orbit cou-
pling, α(kxσˆy − kyσˆx) where α is constant, is derived
from the more elaborate 8-band model for semiconduc-
tor heterostructures using a folding down procedure[2, 4–
8] in which the 6 hole bands are eliminated using sev-
eral approximations. After following the folding down
procedure without making further approximations it is
clear that Rashba-like z-dependent spin-orbit coupling
term exits even in symmetric structures. The usual
approximation[7, 8] after that is to project the Rashba-
like spin-orbit coupling term onto the subbands of effec-
tive Hamiltonian without the spin-orbit coupling term.
In this case the subband states posses definite parity and
due to parity selection rules the expectation value of the
Rashba-like z-dependent term disappears for symmetric
mesoscopic potential[7, 8]. Here we show that if we do
not make that approximation and instead use the full
subband states of the effective Hamiltonian in which we
take into account Rashba-like spin-orbit coupling then
the subband states do not posses definite parity even
for symmetric mesoscopic potential. As a consequence
the expectation value of the Rashba like z-dependent
spin-orbit coupling should be nonzero even for symmetric
mesoscopic potential. Furthermore we have performed
numerical simulations using the full 8 band model which
show that a spin-splitting appears in symmetric struc-
tures thus confirming the analytical predictions.
ANALYTICAL ANALYSIS
We consider a 2DEG system and choose a coordinate
system in which the translation invariance is broken along
the z direction. The starting point of our analysis is the
equation for the 8 envelope functions within Kane’s eight
band model
Hˆ8×8Ψ(z) = EΨ(z) , (1)
Ψ(z) = (f1(z), f2(z), f3(z), f4(z), f5(z), f6(z), f7(z), f8(z))
is 8 vector made of the 8 envelope functions and the
Hamiltonian has the form identical with that of Ref. [9]
Hˆ8×8 =
(
Hcc Hcv
Hvc Hvv
)
. (2)
where Hcc is diagonal 2x2 matrix with
~k2
2m +V (z)+Ec(z)
as the diagonal matrix elements. The 2× 6 block Hcv =
H†vc is given by
Hcv =
 −Pk+√2
√
2
3Pkz
Pk−√
6
0 −Pkz√
3
−Pk−√
3
0 −Pk+√
6
√
2
3Pkz
Pk−√
2
−Pk+√
3
Pkz√
3

 (3)
where kz = −i∂z , k± = kx ± iky and P is Kane’s
interband parameter[10, 11]. The 6 × 6 block Hvv
is also diagonal with the diagonal elements equal to
~k2
2m + V (z) + Ev(z) for light-hole and heavy hole bands
and equal to ~k
2
2m +V (z)+Ev(z)−∆(z) for split-off bands.
In this Hamiltonian we have neglected the contributions
from the remote bands included in the Luttigner parame-
ters γ1, γ2, γ3 and Kanes parameter F . The 8 basis states
ul of the Kane Hamiltonian are chosen such that u1 and
u2 are the two Γ6 conduction band states, u3 and u6 are
the two Γ8 heavy hole band states, u4 and u5 are the two
Γ8 light hole states and u7 and u8 are the two Γ7 spin-
orbit coupling split-off hole states. Eq. (1) is a system of
eight coupled differential equations for the eight envelope
functions fi(z) and the corresponding eigenvalue E. It
is usually solved numerically to obtain exact solution for
the energies E and the corresponding subband states.
When one is interested only in the conduction band
states and their dispersion relation it is possible to obtain
an approximate analytical equation just for the conduc-
tion band envelope functions f1(z) and f2(z) by eliminat-
ing the valence band states using a familiar downfolding
procedure [7, 8]. This is done by first expressing the
2hole envelope functions f3(z), f4(z), f5(z), f6(z), f7(z),
f8(z) in terms of the conduction band envelopes f1(z)
and f2(z) using equations from 3 to 8. Then we substi-
tute these expressions in the first two equations of the
system Eq. (1) obtaining just two coupled equations for
the two conduction band envelope functions. Introducing
the notation ψ(z) = (f1(z), f2(z)) for the two conduction
band envelope functions the two coupled equations can
be written as the equation(
~k2||
2m∗(z, E)
+ pˆz
1
2m∗(z, E)
pˆz + V (z) + Ec(z)
)
ψ(z)
+ α¯(z, E)(kxσˆy − kyσˆx)ψ(z) = Eψ(z) (4)
where σˆx and σˆy are the usual Pauli matrices and k|| =
(kx, ky). The downfolding procedure has given an expres-
sion for energy and z-dependent effective mass m∗(z, E)
and a Rashba-like term but with z and energy dependent
coefficient α¯(z, E) given by
1
m∗(z, E)
=
1
m
+
2P 2
3~2
(
2
E − ~k
2
2m − Ev(z)− V (z)
+
1
E − ~k
2
2m +∆(z)− Ev(z)− V (z)
)
, (5)
α¯(z, E) =
P 2
3
(
∂z
(
1
V (z) + Ev(z) +
~k2
2m − E
)
−∂z
(
1
V (z) + Ev(z)−∆(z) +
~k2
2m − E
))
(6)
Because of the eigenenergy E dependence of the co-
efficients m∗(z, E) and α¯(z, E) the equation Eq.(4) is
not a classical eignevalue problem. However this energy
dependence can be removed by suitable reworking of the
denominators of the coefficients and their approximate
expansion in a small parameter. Using the fact that
Ev = Ec − Eg where Eg is the band gap the expres-
sion for the effective mass can be written in the form
1
m∗(z,E) =
1
m +
2P 2
3~2
(
2/
(
Eg(1 +
E−~k2/2m−V−Ec
Eg
)
))
+
1/
(
(Eg +∆)(1 +
E−~k2/2m−V−Ec
Eg+∆
)
)
. Expand-
ing the expressions 1/(1 + E−~k
2/2m−V−Ec
Eg
) and
1/(1 + E−~k
2/2m−V−Ec
Eg+∆
) in the small parameters
E−~k2/2m−V−Ec
Eg
and E−~k
2/2m−V−Ec
Eg+∆
and keeping only
the zeroth order terms we obtain an expression for the
effective mass m∗(z) that is independent of energy E
1
m∗(z)
=
1
m
+
2P 2
3~2
(
2
Eg
+
1
Eg +∆
)
(7)
in agreement with Ref. [7, 8]. The expression for the ef-
fective mass m∗(z) is dependent on z because of the z
dependence of the band gap Eg and the split-off energy
∆. Following similar calculations but this time keeping
both the zeroth order and first order terms we can elim-
inate the energy dependence from α¯(z, E) to obtain the
expression
α¯(z) =
P 2
3
[
∂z
(
1
Eg +∆
−
1
Eg
)
+
+ ∂z(V + Ec)
(
1
(Eg +∆)2
−
1
E2g
)]
(8)
for the z-dependent parameter in the Rashba-like term.
As is well known [7, 8, 12] α¯(z) contains contributions
from both the band discontinuities at the heterointerface
and from the potential V (z). What is important to note
is that this z-dependent Rashba coefficient is obviously
nonzero for symmetric structures. The contribution from
the band discontinuities will be in the form of Dirac delta
functions and it will exist even if there is no potential
V (z).Note that for appropriate doping of p-n-p type and
no externally applied bias, V (z) will be symmetric and
∂zV (z) will be nonzero giving contribution to α¯(z) for a
symmetric structure. Furthermore when Ec(z) + V (z) is
symmetric, that is Ec(z)+V (z) = Ec(−z)+V (−z), then
the coefficient α¯(z) is odd α¯(z) = −α¯(−z) with respect
to space reflection.
The standard step[7, 8] to obtain the effective Rashba
Hamiltonian for the subbands then is to take the expec-
tation values of the Hamiltonian Eq.(4) with respect to
spin degenerate subbands f0(z) of the downfolded Hamil-
tonian Hˆ0 =
~k2||
2m∗(z) + pˆz
1
2m∗(z) pˆz + V (z) + Ec(z) which
does not contain the Rashba-like term. Thus one obtains
the effective Rashba Hamiltonian with z-independent co-
efficient α given by α =
∫
dzf0(z)
∗α¯(z)f0(z). In the case
when Ec(z)+V (z) is symmetric the subbands which are
eigensolutions to H0 are parity eigenstates and therefore
are either even or odd. At the same time as noted when
Ec(z) + V (z) is symmetric the coefficient α¯(z) is odd.
Therefore in the case when Ec(z) + V (z) is symmetric
the coefficient α in the effective Rashba Hamiltonian dis-
appears despite the fact that α¯(z) is nonzero. Therefore
within this approximation the Rashba term in the Hamil-
tonian is zero for symmetric structure and there is no spin
splitting for symmetric potentials.
However this is effectively an approximation that ne-
glects the effect of the Rashba-like term on the en-
velope functions f1(z) and f2(z) and therefore on the
spinor ψ(z) = (f1(z), f2(z)). Instead of making this ap-
proximation we choose[6, 13] to work with the Hamil-
tonian Eq.(4) and its solutions and try to determine
spin splitting within it. We look for the eigensolutions
ψ(z) = |s,k||〉φsk|| (z) of Eq.(4) in the form of k|| depen-
dent spinor |s,k||〉 which does not depend on the vari-
able z and z-dependent envelope φsk||(z) which eventually
may depend on spin orientation s = ± and modulus of
32D wavevector k||. The k|| dependent spinors |s,k||〉 are
eigenspinors of the spin-dependent term (kxσˆy − kyσˆx)
of the Hamiltonian Eq.(4) with eigenvalue ±k||: (kxσˆy −
kyσˆx)|s,k||〉 = sk|||s,k||〉. These eigenspinors |s,k||〉 are
in fact the eigenspinors of the phenomenological Rashba
term α(kxσˆy − kyσˆx).
Substituting the ansatz ψ(z) = |s,k||〉φsk||(z) into the
Eq. (4), carrying out the action of the Rashba-like spin-
orbit coupling term and projecting onto eigenspinors
|s,k||〉 we obtain two different equations for the two en-
velopes φsk||(z), where s = ±(
~k2||
2m∗(z)
+ pˆz
1
2m∗(z)
pˆz + V (z) + Ec(z)
)
φsk||(z)
+ sk||α¯(z)φsk||(z) = E
sφsk||(z) . (9)
In the approximation made in Ref. [7, 8] and in the phe-
nomenological Rashba term the envelope f0(z) is the
same for the two different spin branches. We see that
when treated exactly by taking into account the Rashba-
like term the folded down equation Eq. (4) leads to
two different envelopes φsk||(z) for the two different spin
branches, because of the z-dependence of the parameter
α¯(z).
As noted earlier when the potential Ec(z) + V (z)
is symmetric the eigensoltuions to the Hamiltonian Hˆ0
without the spin-orbit coupling term are either even or
odd. However when Ec(z)+V (z) is symmetric the func-
tion α¯(z) is odd α¯(z) = −α¯(−z) and therefore the effec-
tive potential felt by the envelope functions φsk||(z) does
not posses center of inversion. Therefore the envelope
functions φsk||(z) are neither even nor odd - they do not
posses well defined parity. As a consequence if we take
the expectation value of ¯α(z) with respect to these en-
velopes it will not dissapear even for a symmetric poten-
tial Ec(z)+V (z). This in effect will lead to spin splitting
even when the potential Ec(z) + V (z) is symmetric.
To see this let remind that the spin splitting is
∆E = E+ − E−. The eigenenergies E+ and E− can
be calculated[6, 13] by taking the expectation values of
effective Hamiltonians Hˆ0 + sk||α¯(z) for the two enve-
lope functions φsk||(z) with respect to themselves E
s =
〈φsk||(z)|Hˆ0|φ
s
k||
(z)〉 + s〈φsk|| (z)|α¯(z)|φ
s
k||
(z)〉. Thus the
expression for the spin-splitting becomes
∆E = 〈φ+k||(z)|Hˆ0|φ
+
k||
(z)〉 − 〈φ−k|| (z)|Hˆ0|φ
−
k||
(z)〉
+ k||
(
〈φ+k||(z)|α¯(z)|φ
+
k||
(z)〉+ 〈φ−k||(z)|α¯(z)|φ
−
k||
(z)〉
)
(10)
It may have small contribution from the differ-
ence in the expectation values of the two envelope
functions φsk||(z) with respect to Hˆ0. However
the main part should come from the expression
k||
(
〈φ+k||(z)|α¯(z)|φ
+
k||
(z)〉+ 〈φ−k|| (z)|α¯(z)|φ
−
k||
(z)〉
)
for
the expectation value of the Rashba term.
If we make the approximation to use one envelope func-
tion f0(z) corresponding to the Hamiltonian H0(z) which
does not contain the Rashba-like Hamiltonian with z-
dependent coefficient ¯α(z) the expression for the spin-
splitting Eq. (10) should reduce to familiar expression
∆E = 2αk|| for spin-splitting of the phenomenological
Rahba model. As mentioned earlier in this approxima-
tion the expectation value α is equal to 0 for symmetric
Ec(z) + V (z) because f0 posses well defined parity - it is
either even or odd, while α¯(z) is odd, and therefore there
is no spin splitting. However when working with the full
Hamiltonians Hˆ0+sk||α¯(z), because of the fact that α¯(z)
is odd α¯(z) = −α¯(−z) when Ec(z) + V (z) is symmetric
the corresponding envelopes do not posses well defined
parity - they are neither even nor odd. Therefore the
expectation values 〈φsk|| (z)|α¯(z)|φ
s
k||
(z)〉 are not equal to
zero even for symmetric Ec(z) + V (z). Consequently we
should expect non-zero spin splitting even for symmetric
Ec(z)+V (z) within the folded down Hamiltonian Eq.(4)
when the effect the Rashba-like term α¯(z)(kxσˆy − ky σˆx)
on the envelope functions is taken into account.
NUMERICAL SIMULATIONS
We test this prediction by performing numerical simu-
lations within the full 8-band Hamiltonian from which
the folded down equation Eq.(4) is derived. In or-
der to solve[14] the set of 8 coupled differential equa-
tions Eq. (1) we expand everyone of the eight envelope
functions fl(z) corresponding to a particular subband
wavefunction Ψ = eik||·r
∑
l fl(z)ul in a Fourier series
fl(z) =
∑
j′ alj
√
2
L sin
(
( j
′pi
L z
)
, where L is the width of
the simulation domain which includes the well and bar-
rier regions. Substituting the above expression in the set
of 8 coupled differential equations, multiplying on the
left by
√
2
L sin
(
jpi
L z
)
and taking into account the orthog-
onality of the chosen basis we obtain the algebraic matrix
equation ∑
m
∑
j′
Hjj
′
mnamj′ = Eanj , (11)
where Hjj
′
mn =
2
L
∫
L dz sin
(
jpi
L z
)
Hmn
(
j′pi
L z
)
are the ma-
trix elements of the operators Hmn in the sine basis.
There matrix elements are easily calculated analytically
which allows one to construct numerically the matrix
Hjj
′
mn. Then for every value of the 2D wavevector k||
the matrix Hjj
′
mn is diagonalized using standard LAPACK
routines giving the eigenergies E and the corresponding
envelope functions fl(z).
We perform two simulations for 40 nm wide
InSb/AlxIn1−xSb quantum well with a barrier compo-
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FIG. 1. (Color online) Spin splitting for the first two electron
subbands of 40 nm InSb/AlxIn1−xSb quantum wells with zero
bias and symmetric potential with bias E = 10 KV/cm.
sition x = 0.077. The first is for a quantum well with-
out doping so that V (z) = 0. Second is for a poten-
tial well with superimposed idealized V -shaped potential
V (z) symmetric with respect to the middle of the well
and with effective bias of E = 10 KV/cm. The results
of the two simulations are presented on Fig. 1, where the
spin splittings of the first two conduction subbands are
shown as function of the modulus of the 2D wavevector
k||. As indicated by the analytical analysis above the
numerical simulations of the full 8 band problem show
that there is non zero spin splitting for the conduction
subbands. The size of this splitting due to symmetric
potential is of the order of µeV which is several order of
magnitudes smaller than the usual Rashba spin splitting
due to structure inversion asymmetry.
Simulations presented on Fig. 1 show that the spin
splitting ∆E for the second conduction subband is big-
ger than the spin splitting for the first subband in both
cases when V (z) = 0 and when there is idealized sym-
metric V (z) with bias E = 10 KV/cm. Second in all
cases the spin splitting initially increased linearly with
k|| as predicted by the phenomenological Rashba model,
but then reach some maximum value and for larger k||
the splitting decreases. This behavior is similar to the
one reported for Rashba splitting in Ref. [15]. Third
the simulations show that the spin splitting for the case
V (z) = 0 is bigger than the spin splitting when there is
additional symmetric potential V (z). This implies that
the biggest spin splitting in symmetric quantum wells
may be observed in undoped once.
CONCLUSIONS
In conclusion we have followed folding down procedure
for the derivation of the Rahba Hamiltonian from Kane
8 band model. As usual when we make the approxi-
mation to project the folded down equation on the sub-
band terms of the Hamiltonian without the Rashba-like
spin-orbit coupling term we obtain the well known re-
sult that there is no Rashba spin-splitting for symmetric
structures. However we have showed analytically that
if we do not make that approximation and instead use
the full envelope functions then there should be non-zero
Rashba spin splitting for structures possessing space in-
version symmetry. We have confirmed these predictions
by performing numerical simulations within the full 8
band model and we have explored some of its properties
numerically.
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